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ABSTRACT
Stacking is an efficient approach to increase signal-to-noise
ratio, which is a key issue in seismic data processing. The time–
frequency domain- phase weighted stack (tf-PWS) that uses
coherency of instantaneous phase as a weighting function can
significantly improve the stacked signal quality of many datasets. A graphics processing unit implementation was developed
to reduce the heavy computational cost of tf-PWS. Synthetic
tests suggest the speed-up factor is up to 20. Our real-data test
shows that the convergence of noise cross-correlation functions
can be substantially improved by tf-PWS without a computational cost increase.

INTRODUCTION
Signal quality is a key issue in seismic data, especially regarding
the detection of weak signals. Stacking is one of the most
powerful tools for improving signal-to-noise ratio. The uncorrelated, zero-mean noise component that varies among traces
will be reduced after stacking. For example, signal-generated
noise is difficult to suppress by ordinary (linear) stacking.
Several nonlinear stacking methods have been proposed and
applied to the detection of weak signals, including the
N th-root stack (Richards and Wicks, 1990) and dual bootstrap
stack (DBS; Korenaga, 2013). Schimmel and Paulssen (1997)
proposed using the coherency of the instantaneous phase,
which is less dependent on amplitude, as a weighting function
to improve the stacked signal quality. They termed their
method as “phase-weighted stack” (PWS). DBS works well in
a low signal-to-noise situation, which is very useful to detect
the arrival of a weak signal, but it may slightly distort the waveform. Performances of the N th-root stack and PWS are very
similar in low signal-to-noise situations, but PWS introduces
smaller waveform distortion. With the S transform (Stockwell
et al., 1996), PWS can be extended to the time–frequency domain (tf-PWS), allowing for frequency-dependent resolution of
the signal (Schimmel and Gallart, 2007). The tf-PWS method
has been applied to the determination of noise crosscorrelation functions and mantle body-wave phases, and its
effectiveness has been confirmed with regional and global data
358

Seismological Research Letters

Volume 87, Number 2A

(Baig et al., 2009; Schimmel et al., 2011). Its application to
stacking low-frequency earthquake data also shows substantial
improvement (Thurber et al., 2014).
Although the advantages of tf-PWS have been demonstrated in previous studies, its application is somewhat limited
by the high computational cost. Stockwell (2007) introduced a
new discrete orthonormal S transform (DOST) that has significantly reduced the computational cost for the S transform,
but DOST uses a boxcar function in the frequency domain
that causes some negative effects, such as Gibb’s ringing. In
this article, we present a graphics processing unit (GPU) implementation to accelerate tf-PWS computations. An alternative, efficient CPU code based on the fastest Fourier transform
in the west (FFTW) library (see Data and Resources; Frigo and
Johnson, 2005) is also described.

GPU IMPLEMENTATION
The tf-PWS method utilizes coherence of the instantaneous
phase to down weight incoherent noise. The instantaneous
phase θt can be obtained from the complex trace St, which
consists of the input signal st and its Hilbert transform
H st (Schimmel and Paulsen, 1997):

1

St  st  iH st  Ateiθt :
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In the time–frequency domain, Schimmel and Gallart
(2007) show that the S-transform decomposition of the signal
is analytic, so the instantaneous phase θτ; f  at time τ and
frequency f can be defined as
~ f ei2πf τ =jSτ;
~ f j;
θτ; f   Sτ;
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~ f  is the S transform of st:
in which Sτ;
Z ∞
~Sτ; f  
stwτ − t; f e−i2πf t dt:
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The S transform can be represented as the inverse Fourier
transform of a signal that has been weighted by a Gaussian
window function wτ − t; f :

 2
p
−f τ − t2
jf j=k 2π :
wτ − t; f   exp
4
2
2k
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It can also be represented as a convolution of the signal’s
spectrum with a phase shift and the Gaussian window
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function. The Gaussian window function is controlled by three
parameters: its center point is at time τ and frequency f controls the width with a resolution parameter k (equation 4).
For an n-point trace, the S transform requires n × n-point
Fourier transforms, the most time-consuming part of the computations. The coherency weight of an M-trace stack is defined
by a sum of instantaneous phases, given by
cps τ; f   j
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M
1 X
S~ τ; f ei2πf τ =jS~ j τ; f jjγ :
M j1 j
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Consequently, the tf-PWS stack is obtained by the inverse
S transform of the weighted S transform of the linear stack:
S tf pws t  inv cps τ; f S~ linear τ; f :

EQ-TARGET;temp:intralink-;df6;52;588
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To stack M n-point traces, tf-PWS has to calculate
M × n-point Fourier transforms to obtain spectra of all traces
then calculate M × n times to finish the S transforms. The linear
stack also requires another M  1 × n-point Fourier transforms. Finally one n-point Fourier transform is used to finish
the inverse transform. There are M  1n  M  2×
n-point Fourier transforms in total. Such a heavy computation
is suitable for the use of a GPU for acceleration.
A GPU consists of hundreds or thousands of cores, whereas
a typical workstation may have (at most) tens of cores. The theoretical floating-point operation per second for a GPU is about an
order of magnitude higher than for a typical CPU. The compute
unified device architecture (CUDA) platform provides one
means for running parallel computations on a personal computer. Recently, the GPU acceleration with CUDA has been applied in wavefield simulation (Komatitsch et al., 2010),
earthquake detection (Meng et al., 2012), and travel-time
tomography (Liao et al., 2014). CUDA supports running independent jobs on multiple threads. The threads are organized
into a "block-and-grid" structure. For example, the GeForce
GT 650M graphic card with compute capability 3.0 (see Data
and Resources) provides 1024 threads per block, and it can simultaneously run 4096 threads. In previous studies, the GPU
implementation gained a speed-up factor on the order of 10
or more. The GPU has limitations, however, because of its
unusual programming model (Owens et al., 2007). Therefore,
Nvidia provides GPU-accelerated libraries, such as cuBLAS
and cuFFT.
The tf-PWS employs many Fourier transforms to calculate
instantaneous phase. The cuFFT provides an FFTW interface
and as high as hundreds of giga floating-point operations per
second capability. We use cuFFT to compute all Fourier transforms, and the other operations on matrices are run on several
CUDA kernel functions.
The tf-PWS procedure can be divided into three parts. The
first part computes the Fourier transforms of all traces and obtains the spectrum of every trace. To improve the calculation
efficiency, zeros are padded to the raw data to extend the traces
to a power of two in length. Memory is allocated with
fftw_malloc to align memory in our FFTW-based code. The

data transfer between host (CPU) and device (GPU) is not
only limited by bus width but also by memory allocation.
The memory allocated by the host is pageable by default, which
means it can be swapped out from memory. The device has to
copy host data to a temporary page-locked host array, and then
transfer it to device memory. Instead, we allocate page-locked
memory using cudaMallocHost to avoid the cost of transfer
within the host. The data transfer speed of page-locked
memory is up to three times faster than pageable memory
(Harris, 2012).
~ f
After the spectrum of each trace ~sω is obtained, Sτ;
can be obtained by the inverse Fourier transform of ~sf  with
the phase shift and Gaussian windowing function:
Z ∞
2 2
sτ; f  
~sf  ae−πa =f ei2πaτ da:
7
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A matrix is set up to represent the Gaussian window function. The spectra with phase shifts are also stored in a matrix. A
device kernel function finishes the n × n matrix multiplication.
The cuFFT routine is utilized to compute the n inverse Fourier
transforms. Because larger-size batched Fourier transforms may
require impractical memory size in the device, it also can be
divided into several batches. Then the coherency weight (equation 5) is updated using a device function. Thus, the second
part is done completely within the device, and there is no data
transfer between host and device.
Once the coherency weight has been obtained, the last
part needed is to finish the S transform of the linear stack with
the same scheme as the second part. The inverse S transform is
the inverse Fourier transform of the summation over all
frequencies of the weighted S~ linear τ; f .

VALIDATION AND PERFORMANCE
A synthetic low signal-to-noise ratio data example is used to
validate our codes. The signal is a Ricker wavelet with a center
frequency of 0.2 Hz and a peak value of 1 (Fig. 1). Gaussian
random noise with a standard deviation of 2 is added to the
signal. One thousand synthetic traces are assembled, with each
trace consisting of 2001 points. The test environment is a
2.7 GHz Intel Core i7 CPU with 8GB 1600 MHz DDR3
memory. The graphic card is Nvidia GeForce GT650M with
1024 MB memory. As Figure 1 shows, the tf-PWS stack nearly
recovers the original signal, whereas the signal quality of the
linear stack is significantly poorer. A straightforward, naïve
code based on the fast Fourier transform is employed as a reference (CPU in Fig. 1). The FFTW-based code and the CUDAbased code provide almost exactly the same results (Fig. 1). We
also present convergence curves with different numbers of
traces. The quality of the stack is measured with the cross-correlation coefficient between stacks and the original signal. We
find that tf-PWS rapidly converges with only about 100 traces,
whereas the linear stack needs many more traces to reach stable
quality (Fig. 2). The computation time of the FFTW-based
code substantially increases with a larger amount data, whereas
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Figure 3. Computation time cost of the different time–
frequency domain-phase weighted stack (tf-PWS) codes.
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Figure 4. Speed-up factor versus number of traces using in
the stack.
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▴ Figure 2. Cross-correlation coefficients (CC) between original
signal and stack versus number of traces used in stacking for the
different codes.
the CUDA-based code shows only a linear increase with data
amount. The speed-up factor reaches about 20 with 1000
traces (Fig. 3).
The length of trace also affects the speed-up factor. A
longer trace requires a larger-size Fourier transform in the spectrum calculation and S transform parts. The time cost, including data transfer, is proportional to the data size, but the
percentage in total time cost will decrease with larger data size.
We tested three datasets, with the number of points of each
trace ranging from 501 to 2001. The time cost of the
FFTW-based code is employed as a reference. The speed-up
factor increases with the number of traces, and the longer trace
case increases faster than the shorter one (Fig. 4). The speed-up
factor difference between longer and shorter traces trends toward equality with an increasing number of traces.
Finally, a real ambient-noise cross-correlation function dataset is used to show the potential of our code. We apply the
code to two stations in California, SMM and PKD, which are
equipped with broadband seismometers. Following Bensen
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et al. (2007), the raw vertical component data are divided into
1-hr-long records. The teleseismic and local earthquake signals
are reduced by two band-pass filters, and the spectra are whitened between 0.1 and 2 Hz. About three months of data are
used. As Figure 5 shows, the Rayleigh wave signal emerges between −70 and −20 s. Figure 6 shows the S transform of one
noise cross-correlation function (NCF) and two stacked traces.
Both linear and tf-PWS stacks have significantly improved signal quality. The tf-PWS reaches similar quality with only about
50 traces, whereas the linear stack requires 1000 traces. This
means it is possible to extract a reliable empirical Green's function with limited duration data and potentially better monitor
short-term temporal change in the medium.

SUMMARY
The tf-PWS method was implemented using the FFTW library
and the CUDA platform. Both implementations show significant improvement in computational efficiency. The GPUbased code gains a speed-up factor of up to about 20 in our
synthetic data test. Our real-data test shows that the convergence of noise cross-correlation functions can be substantially
improved, and/or the length of data required can be substantially reduced, with a modest additional computational cost.
March/April 2016
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Seismograms used in this study were accessed through the
Northern California Earthquake Data Center (NCEDC),
doi: 10.7932/NCEDC. Some plots were made using Generic
Mapping Tools v.4.5.9 (www.soest.hawaii.edu/gmt; Wessel
and Smith, 1991). The fastest Fourier transform in the west
(FFTW) library is available from http://www.fftw3.org,
and the GeForce GT 650M graphic card with compute
capability 3.0 is available at https://developer.nvidia.com/
cuda-gpus. The code and examples in this article are available
at https://github.com/uwzxf/gpu_tf_pws. The CUDA C
programming guide is available at http://docs.nvidia.com/
cuda/cuda-c-programming-guide. All the above websites
are last accessed on May 2015.
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For the code and examples for this article, see Data and Resources.
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Figure 5. Stacked traces using different amounts of data
comparing (a) linear stack and (b) graphics processing unit
(GPU) tf-PWS.
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Figure 6. (a) Amplitude of the S transform of one noise cross-correlation function. (b) Phase angle of the S transform of one noise
cross-correlation function. (c) Amplitude of S transform of linear stacked traces (N  1000). (d) Amplitude of the S transform of tf-PWS
stacked traces (N  50). The color version of this figure is available only in the electronic edition.
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